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ON THE DIMENSION OF THE BERGMAN SPACE FOR SOME
UNBOUNDED DOMAINS
A.-K. GALLAGHER, T. HARZ & G. HERBORT
Abstract. A sufficient condition for the infinite dimensionality of the Berg-
man space of a pseudoconvex domain is given. This condition holds on any
pseudoconvex domain that has at least one smooth boundary point of finite
type in the sense of D’Angelo.
1. Introduction
Let Ω be a domain in Cn, n ≥ 1. The Bergman space, A2(Ω), is the space of
holomorphic functions, O(Ω), on Ω which belong to L2(Ω), i.e.,
A2(Ω) =
{
h : Ω→ C holomorphic :
∫
Ω
|h|2dV <∞},
where dV denotes the Euclidean volume form. In this article, it will be shown
that the dimension of the Bergman space is infinite for a large class of unbounded
pseudoconvex domains in Cn.
The Bergman space of a domain in the complex plane was proven to be either
0 or infinite dimensional by Wiegerinck in [24]. Moreover, a result of Carleson [3,
Theorem 1.a in §VI] depicts this dichotomy in terms of the logarithmic capacity
of the complement of the given domain. That is, for any domain Ω ⊂ C, A2(Ω)
is non-trivial if and only if Ωc has positive logarithmic capacity. (We note that
Carleson’s result in [3] is stated for domains with compact complement, but it still
holds true without this additional assumption.)
The dimension of the Bergman space is invariant under biholomorphic trans-
formations. Indeed, each biholomorphic map F : Ω → Ω′ induces an isometric
isomorphism A2(Ω′) → A2(Ω) via the assignment f 7→ (f ◦ F ) · det(JCF ), where
JCF = (∂Fj/∂zk)
n
j,k=1. Since the Bergman space of a bounded domain Ω ⊂ Cn
contains any monomial in the coordinates of z = (z1, . . . , zn), it follows that the
Bergman space of Ω, and of any domain biholomorphic equivalent to Ω, has infinite
dimension. On the other hand, the fact that A2(Cn) = {0} implies that for any
Fatou–Bieberbach domain, i.e., any domain biholomorphic equivalent to Cn, the
Bergman space is trivial.
Further results for domains in Cn, n ≥ 2, are scattered. In [24], Wiegerinck
constructed non-pseudoconvex domains Ωk ⊂ C2, k ∈ N, so that dimA2(Ωk) = k.
Whether the above dichotomy property holds for Bergman spaces of pseudoconvex
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domains in higher dimensions is not known. In [16], Jucha derives this property for
the Bergman space of Hartogs domains of the form
Ωφ =
{
(z, w) ∈ C× CN : |w| ≤ e−φ(z)},
where φ is subharmonic on C. Theorem 4.1 therein details the dimensionality of
A2(Ωφ) in terms of properties of the Riesz measure of φ. Sufficient conditions
for the infinite dimensionality of the Bergman space of further classes of Hartogs
domains are derived or indicated in [19, Proposition 0], [20, pg. 128], [9, pg. 22],
[16, Corollary 3.3]. Furthermore, the Bergman space was shown to be infinite
dimensional for a certain unbounded worm domain in [18, Proposition 1.3] and
non-trivial for special classes of domains in [2, Proposition 5.3].
A general criterion for infinite dimensionality of the Bergman space follows from
the proof of Theorem 1 in [5]: If Ω ⊂ Cn admits a bounded continuous function
ϕ which is strictly plurisubharmonic on Ω, then dimA2(Ω) = ∞. A more refined
version of this result is also mentioned in [1]. Therein the function ϕ needs to be
strictly plurisubharmonic only on some non-empty open subset of Ω in order to
deduce that dimA2(Ω) = ∞. The advantage of the latter formulation is that it
allows one to conclude the existence of non-trivial functions in A2(Ω) from local
information on bΩ.
While the result mentioned in [1] is known among experts of the field, a concrete
reference in the literature seems to be missing. The first objective of the present
paper is to give a short but complete proof of its statement, see Lemma 7 and
Theorem 1. Our version of the result will be slightly more general with respect to
properties of the plurisubharmonic functions involved. That is, continuity is not
required and the existence of weak singularities is permitted (in some situations
this additional generality can be helpful, see, for example, Theorem 1.2 in [4]). The
second goal of this article is to use the above result in order to obtain a number
of easily checkable conditions for the existence of square-integrable holomorphic
functions, see Theorem 2 below. In particular, these conditions imply certain prop-
erties for pseudoconvex neighbourhoods of domains with trivial Bergman space, see
Corollary 3 and Theorem 4.
We now state the precise results of the article. For this purpose, let us introduce
a family of plurisubharmonic functions on a given domain Ω ⊂ Cn as follows:
PSH′(Ω) := {ϕ : Ω→ [−∞,∞) plurisubharmonic, ϕ 6≡ −∞, ν(ϕ, · ) ≡ 0}.
Here ν(ϕ, z) denotes the Lelong number of ϕ in z. It is straightforward to observe
that whenever ϕ : Ω −→ [−∞, 0) is plurisubharmonic, then − log(1 − ϕ) belongs
to PSH′(Ω), see also part (c) of Remark 8. To formulate a general sufficiency
condition for the infinite dimensionality of A2(Ω), we consider the following notion
of the core, c′(Ω), of Ω, that is,
c
′(Ω) :=
{
z ∈ Ω : every ϕ ∈ PSH′(Ω) that is bounded from
above fails to be strictly plurisubharmonic near z
}
.
Note that a function ϕ is said to be strictly plurisubharmonic near z if there exists
an ǫ > 0 such that ϕ− ǫ | · |2 is plurisubharmonic near z. Similar notions of a core
appear in the works of S lodkowski–Tomassini [23], Harvey–Lawson [11, 12] and
Harz–Shcherbina–Tomassini [13]. We note that in general c′(Ω) is different from
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the analogous core set with respect to C∞-smooth functions, which is considered in
[13]; see also part (d) of Remark 8.
If a point z ∈ Ω lies in the complement of c′(Ω), then there exists a function
ϕ ∈ PSH′(Ω) which is bounded from above on Ω and strictly plurisubharmonic
near z. Each such ϕ is a natural candidate for a weight function to be used in the
construction of non-trivial holomorphic functions in L2(Ω) by way of Ho¨rmander’s
method for solving the ∂¯-equation. In fact, we obtain the following result.
Theorem 1. Let Ω ⊂ Cn be a pseudoconvex domain such that Ω\c′(Ω) 6= ∅. Then
dimA2(Ω) =∞.
The assumption of the above theorem may be verified on a large class of domains.
As a means to verify this condition for a given domain Ω, we introduce the notion
of a (local) peak point for the family PSH0(Ω) of continuous plurisubharmonic
functions on Ω. A point p ∈ bΩ is said to be a (local) peak point for PSH0(Ω)
if there exists a continuous plurisubharmonic function ϕ : U → R on a one-sided
open neighbourhood U ⊂ Ω of p such that ϕ∗(p) = 0 and ϕ∗|U¯\{p} < 0, where
ϕ∗(z) := lim supz′→z ϕ(z
′).
Theorem 2. Let Ω ⊂ Cn be a domain. Then Ω \ c′(Ω) 6= ∅ holds true in the
following cases:
(i) There exists a point p ∈ bΩ which is a (local) peak point for PSH0(Ω).
(ii) There exists a point p ∈ bΩ near which bΩ is C∞-smooth and pseudoconvex
and such that it is of finite type in the sense of D’Angelo.
(iii) There exists a point p ∈ bΩ which is strictly pseudoconvex.
Observe that Theorems 1 and 2 immediately imply the following result, which
gives a negative answer to a question raised in [13, Question 9].
Corollary 3. A Fatou–Bieberbach domain cannot have a strictly pseudoconvex
neighbourhood.
A domain which does not satisfy the conditions of Theorem 2 is given by Ω =
D × C for any domain D ⊂ C. Indeed, it follows immediately from Liouville’s
theorem that Ω = c′(Ω). Note that for every h ∈ A2(Ω) and almost every z ∈ D
it holds that h(z, ·) ∈ A2(C) = {0}. Continuity then yields h ≡ 0 and hence
A2(Ω) = 0. It turns out that this example is, in a sense, typical, namely, the
following statement is true.
Theorem 4. Let Ω ⊂ Cn be a pseudoconvex domain. If dimA2(Ω) <∞, then Ω¯c
is 1-pseudoconvex. In particular, if n = 2, then Ω¯c is pseudoconvex.
Conditions (i)–(iii) in Theorem 2 are not necessary. Indeed, in Section 3 we will
give examples of pseudoconvex domains Ω ⊂ C2 with smooth Levi-flat boundary
such that Ω \ c′(Ω) 6= ∅ and dimA2(Ω) =∞.
2. Proofs
Proof of Theorem 1. The following variant of Ho¨rmander’s Theorem 2.2.1’ in
[15] will be used in the proof of Theorem 1.
Theorem 5. Let Ω ⊂ Cn be a pseudoconvex domain and let Φ: Ω → [−∞,∞) be
plurisubharmonic. Assume that
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(i) U ⊂ Ω is open such that Φ − c | · |2 is plurisubharmonic on U for some
constant c > 0, and
(ii) v ∈ L2(0,1)(Ω,Φ) is a C∞-smooth form such that ∂¯v = 0 and supp v ⊂ U .
Then there exists a C∞-smooth function u : Ω→ R such that ∂¯u = v and∫
Ω
|u|2e−ΦdV ≤ 1
c
∫
Ω
|v|2e−ΦdV.
Here L2(0,1)(Ω,Φ) denotes the space of (0, 1)-forms on Ω whose coefficients have
finite L2-norm with respect to the weighted measure e−ΦdV .
Some remarks are in order to explain the discrepancies of Theorem 5 to the cited
Theorem 2.2.1’ in [15].
(a) In Theorem 2.2.1’ of [15] strict plurisubharmonicity of the weight function
on all of Ω is assumed. The proof under the above weaker hypothesis follows from
a slight variation of Ho¨rmander’s proof. That is, to show (1.1.7) in [15] for g with
supp g ⊂ U , first write χU for the characteristic function of U , so that
|(g, f)2| ≤ 1√
c
‖g‖2 ·
√
c ‖χU · f‖2(6)
follows. Then use Theorem 2.1.4 in [15] in conjunction with the plurisubharmonicity
conditions of the weight function to estimate the last term on the right hand side
of (6). This yields (1.1.7) (with Af = χU · f/
√
c) in [15]. Now proceed with
Ho¨rmander’s proof as in [15, Theorem 2.2.1’].
(b) Theorem 2.2.1’ yields a solution u in L2(Ω,Φ). Ellipticity of ∂¯ on functions
means that u is smooth since the data v in the above Theorem 5 is smooth.
With Theorem 5 in hand, non-trivial holomorphic functions in L2 may be con-
structed under the hypothesis of Theorem 1 as follows.
Lemma 7. Let Ω ⊂ Cn be a pseudoconvex domain. Let U ⊂ Ω be open and
assume that there exists a plurisubharmonic function ϕ : Ω → [−∞, 0) such that ϕ
is strictly plurisubharmonic on U and ν(ϕ, z) = 0 for every z ∈ U . Then for every
finite sequence of pairwise distinct points z1, z2, . . . , zN ∈ U there exists a function
h ∈ A2(Ω) such that h(zj) = 0 for every j ∈ {1, 2, . . . , N − 1} and h(zN ) = 1.
Proof of Lemma 7. Choose ε ∈ (0, 1) so small that |zj − zk| > 2ε for j 6= k and
such that B(zj , ε) ⊂ U for every j ∈ {1, . . . , N}. Moreover, let χ : Cn → [0, 1] be a
smooth function such that χ(z) = 1 for |z| < ε4 and χ(z) = 0 for |z| > 3ε4 .
We define the ∂¯ data
v := ∂¯χ(z − zN ).
Further, we introduce a weight function
Φ(z) := Kϕ(z) +
N∑
j=1
(
2nχ(z − zj) log |z − zj |
)
,
where the constantK > 0 is chosen so large that Φ(z) is plurisubharmonic on Ω and
Φ(z)− |z|2 is plurisubharmonic on B(zN , ε). Observe that e−Φ is locally integrable
near the support of v. Indeed,
ν(ϕ, z) := lim inf
w→z
ϕ(w)
log |w − z| = 0
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holds for z ∈ U by assumption. Hence ν(Kϕ, ·) = Kν(ϕ, ·) ≡ 0 on U . It then
follows that e−Kϕ ∈ L1loc(U) for every K > 0, see [22, Proposition 7.1]. Thus
v ∈ L2(0,1)(Ω,Φ) and, by Theorem 5, it follows that there exists a solution u ∈ C∞(Ω)
to ∂¯u = v such that ∫
Ω
|u|2e−ΦdV ≤
∫
Ω
|v|2e−ΦdV <∞.
Since e−Φ is not locally integrable at any of the points z1, z2, . . . , zN , we conclude
that u(zj) = 0 for every j ∈ {1, . . . , N}. Further, observe that Φ < 0, hence
u ∈ L2(Ω). It follows that h := χ(z − zN)− u is a function as desired. 
The proof of Theorem 1 now follows easily.
Proof of Theorem 1. Assume that Ω \ c′(Ω) 6= ∅. Since c′(Ω) is relatively closed
in Ω, there exists a non-empty open set U ⊂ Ω \ c′(Ω). Fix an arbitrary number
N ∈ N and let z1, z2, . . . , zN ∈ U be pairwise distinct. By Lemma 7, it follows that
there exists functions h1, h2, . . . , hN ∈ A2(Ω) such that hk(zj) = δjk. In particular,
the family {hj}Nj=1 ⊂ A2(Ω) is linearly independent. Since N ∈ N was arbitrary,
the proof is complete. 
Remark 8. (a) Recall that the Bergman kernel function, KΩ, associated to Ω,
evaluated at z ∈ Ω is the maximum value of |f(z)|2 for f ∈ A2(Ω) with ∫
Ω
|f |2dV =
1. Hence Lemma 7 implies that KΩ(z) > 0 whenever z ∈ Ω \ c′(Ω). In [14] the
domain D = {z ∈ C3 : Re(z1)+ |z2|6+ |z2|2|z3|2 < 0} was considered. It was shown
that KD(z) = 0 whenever z2 = 0. Thus, c
′(D) 6= ∅. It follows from Lemma 10
below that D \ c′(D) 6= ∅, so that A2(D) is infinite dimensional.
(b) By using the same technique as in the proof of Lemma 7, it is easy to also
construct, for every p ∈ U and every j = 1, . . . , n, a function fj ∈ A2(Ω) such that
fj(p) = 0 and (∂fj/∂zk)(p) = δjk (for fixed j, replace v by ∂¯[χ(z− p)(zj − pj)] and
in the definition of Φ change the factor 2n into 2n+1). Thus it follows from a result
due to Kobayashi [17] that every pseudoconvex domain Ω ⊂ Cn which satisfies the
condition c′(Ω) = ∅ possesses a Bergman metric.
(c) Let ϕ : Ω → [−∞, 0) be plurisubharmonic and assume that ϕ is strictly
plurisubharmonic on some open set U ⊂ Ω. If ϕ is locally bounded on U , then
Ω \ c′(Ω) 6= ∅. Indeed, it follows immediately that ψ := − log(1− ϕ) is a bounded
from above function in PSH′(Ω) such that ψ is strictly plurisubharmonic on U .
(d) The advantage of considering c′(Ω) for a given domain Ω instead of the
smooth core, c(Ω), associated to the family of C∞-smooth, plurisubharmonic func-
tions may now be observed. To that end, consider the domain
Ω =
{
(z, w) ∈ C2 : log |z|+ (|z|2 + |w|2) < C}
for some constant C. Set ϕ(z, w) = log |z|+ 12 (|z|2 + |w|2) − C and notice that ϕ
is plurisubharmonic and bounded from above by − 12 (|z|2 + |w|2) on Ω. By (c), it
follows that ψ := − log(1 − ϕ) ∈ PSH′(Ω). Moreover, ψ + log(1 + 12 (|z|2 + |w|2))
belongs to PSH′(Ω), is negative and strictly plurisubharmonic on Ω (for the last
assertion, observe that the Levi form of the second term is positive definit on C2).
That is, c′(Ω) = ∅. Thus, by (b), Ω possesses a Bergman metric. On the other
hand, it follows from Liouville’s Theorem that the smooth core, c(Ω), must contain
the complex line {0} × C. In fact, it may be shown that c(Ω) = {0} × C, see [13,
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Example 5 in Section 3]. Hence the analogous version of Theorem 1 for c(Ω) could
not yield that Ω possesses a Bergman metric.
Proof of Theorem 2.
Lemma 9. Let Ω ⊂ Cn be a domain such that at least one boundary point is a
local peak point for PSH0(Ω). Then Ω \ c′(Ω) 6= ∅.
Proof. Let ϕ : U → R be continuous and plurisubharmonic such that ϕ∗(p) = 0
and ϕ∗|U¯\{p} < 0, where U ⊂ Ω is a one-sided open neighbourhood of a suitable
point p ∈ bΩ. Fix a constant r > 0 such that Ω∩B(p, r) ⊂ U , let m := sup{ϕ∗(z) :
z ∈ Ω¯ ∩ bB(p, r)} < 0 and choose ε > 0 so small that εr2 < −m/2. Then the
trivial extension of max(ϕ|Ω∩B(p,r)+ ε|z− p|2,m/2) to Ω by m/2 defines a function
ψ ∈ PSH′(Ω) that is bounded from above on Ω and strictly plurisubharmonic on
some open subset of Ω ∩ B(p, r). Thus Ω \ c′(Ω) 6= ∅. 
It follows from work of Cho in [6] that each smooth boundary point of finite type
in the sense of D’Angelo [7] is a peak point for PSH0(Ω). In particular, we have
the following result.
Lemma 10. Let Ω ⊂ Cn be a domain which is C∞-smooth and pseudoconvex near
some boundary point p. If bΩ is of finite type in the sense of D’Angelo at p, then
Ω \ c′(Ω) 6= ∅.
Proof. Let p ∈ bΩ such that bΩ is pseudoconvex and of finite type at p, r a smooth
defining function for Ω near p. It follows from Theorem 3 and its proof in [6], that
Ω admits a pseudoconvex support surface near p. That is, there exists a C2-function
ρ : U → R on an open neighbourhood U of p such that
(a) the gradient of ρ does not vanish on {z ∈ U : ρ(z) = 0},
(b) ρ(z) ≤ r(z) for z ∈ U ,
(c) ρ(p) = 0 and ρ(z) ≤ −c|z−p|K for z ∈ Ω¯∩U and some constants c,K > 0,
(d) D := {z ∈ U : ρ(z) < 0} is pseudoconvex near p.
Note that (b) and (c) imply that Ω∩U is contained in D and (bΩ∩ bD)∩U = {p}.
Furthermore, it follows from (a) and (d) that the domain D is C2-bounded and
pseudoconvex near p. By a result of Diederich–Fornæss [8], there exist constants
L, η > 0 such that the function ψ := −(e−L|z−p|2 dist(z, bD))η on D is strictly
plurisubharmonic near p. Since ψ∗(p) = 0 and ψ(z) < 0 for all z ∈ Ω¯∩D, it follows
that p is a local peak point for PSH0(Ω). The claim thus follows from Lemma
9. 
Lemma 11. Let Ω ⊂ Cn be a domain which is strictly pseudoconvex near at least
one boundary point. Then Ω \ c′(Ω) 6= ∅.
Proof. Let p ∈ bΩ be such that Ω is strictly pseudoconvex at p. Then there exist a
neighbourhood U ′ ⊂ Cn of p and a continuous strictly plurisubharmonic function
ϕ′ : U ′ → R such that Ω∩U ′ = {ϕ′ < 0}. Let U ⋐ U ′ be another neighbourhood of
p and set ϕ(z) := ϕ′(z)− ε|z− p|2. Then, for ε > 0 small enough, the function ϕ is
plurisubharmonic on U such that ϕ(p) = 0 and ϕ(z) < 0 for every z ∈ (Ω¯∩U)\{p},
i.e., p is a local peak point for PSH0(Ω). As before, the claim thus follows from
Lemma 9. 
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Proof of Theorem 4. For each k ∈ N, let ∆k := {z ∈ Ck : |z|∞ < 1}, where
|z|∞ = max1≤j≤k|zj |. If Ω¯c ⊂ Cn is not 1-pseudoconvex, then, by definition, there
exists a Hartogs figure
H =
{
(z′, zn) ∈ ∆n−1 ×∆ : |z′|∞ > r1 or |zn| < r2
}
,
where r1, r2 ∈ (0, 1), and an injective holomorphic mapping F : ∆n → Cn such
that F (H) ⊂ Ω¯c but F (∆n) ∩ Ω¯ 6= ∅ (see, for example, [21]). Without loss
of generality we can assume that F is defined in a neighbourhood of ∆¯n. Set
U := Ω ∩ F (∆n), and, for fixed ε > 0, let ϕ1 : Cn−1 × C∗ → R be the strictly
plurisubharmonic function given by ϕ1(z) := − log|zn|+ ε|z|2. If ε is chosen small
enough, then ϕ2 := ϕ1 ◦ F−1 attains a local maximum along U¯ in some point
p ∈ bΩ∩F (∆n) (see the proof of Theorem 3.2 in [13] for details of this argument).
Then ϕ(z) := ϕ2(z) − (ε/2)|z − p|2 is plurisubharmonic in a neighbourhood of U¯
such that ϕ(p) > ϕ(z) for every z ∈ U¯ \{p}. In particular, p is a local peak point for
PSH0(Ω). Hence it follows from Lemma 9 that dimA2(Ω) = ∞. This completes
the proof of Theorem 4. 
3. Examples
In this section, two examples of domains in C2 with Levi-flat boundary are given
for which the dimension of the Bergman space is infinite.
Example 12. The following construction mimics Example 7 of [13], where an
unbounded strictly pseudoconvex domain with empty core was constructed. It
follows from work of Globevnik, see Corollary 1.1 in [10], that there exists a Fatou–
Bieberbach domain Ω′ ⊂ C2z,w such that
(0, 0) ∈ Ω′ ∩ {w = 0} ⊂ ∆(0, 1)× {0} and Ω′ ∩ {w = 0} = Ω¯′ ∩ {w = 0}.
Fix ε > 0 and let h : ∆¯(0, 1 + ε)→ R be a harmonic function such that{
(z, w) ∈ C2 : |z| = 1 + ε, |w| ≤ eh(z)} ⊂ C2 \ Ω¯′;
for example, we may choose h(z) ≡ −C for some large enough constant C > 0.
Moreover, fix a biholomorphism Φ: C2
∼−→ Ω′. Now define an open set
Ω := Φ−1
(
Ω′ ∩ {(z, w) ∈ C2 : |z| < 1 + ε, |w| < eh(z)}),
and, if necessary, replace Ω by its connected component containing the point
Φ−1((0, 0)). Then Ω is an unbounded domain with smooth and Levi-flat boundary.
In fact, bΦ(Ω) ∩ Ω′ is an open subset of the Levi-flat hypersurface{
(z, w) ∈ C2 : |z| < 1 + ε, |w| = eh(z)},
and limz→z0 Φ
−1(z) = ∞ for every z0 ∈ bΦ(Ω) ∩ bΩ′. However, observe that
Φ(Ω) ⊂ C2 is bounded, and thus c′(Ω) = ∅. In particular, dimA2(Ω) =∞.
Example 13. For every number a ∈ R, let [a] ∈ Z denote the integral part of a,
and let {a} := a−[a] ∈ [0, 1) be the fractional part of a. Fix a sequence a1, a2, a3, . . .
of constants aj ≥ 0 and assume that there exists a finite subset J ⊂ N such that
(a) #J ≥ 2,
(b) {aj} > 0 for every j ∈ J ,
(c) {∑j∈J aj} > 0.
At the same time, fix a sequence z1, z2, z3 . . . of points zj ∈ C such that
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(d) zj 6= zk for j 6= k,
(e) {zj}∞j=1 ⊂ C is discrete, and
(f)
∑∞
j=1 aj log|z − zj| converges and is smooth on C \ {zj}∞j=1.
For generic C ∈ R, consider the function ϕ(z) := C +∑∞j=1 aj log|z − zj |. Then
Ω :=
{
(z, w) ∈ C2 : |w| < e−ϕ(z)}
is an unbounded domain with smooth and Levi-flat boundary. Moreover, by The-
orem 4.1 of [16], it follows that dimA2(Ω) =∞.
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